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O ^, Abstract. We compute explicitly the adjoint cohomology of two N-graded Lie algebras of 

I maximal class (infinite dimensional filiform Lie algebras) mo and m2. It is known that up to 

an isomorphism there are only three N-graded Lie algebras of the maximal class. The third 
^ , algebra from this hst is the "positive" part L, of the Witt (or Virasoro) algebra and its adjoint 

cohomology was computed earlier by Feigin and Fukhs. We show that the total space H* (rUj , rrij ) 
I is "almost" isomorphic to the completed tensor product rrij ® H*{mj), j = 0,2 



> 

00 ■ Introduction 

^ I A. Shalev and E. Zelmanov defined in [10] the coclass (which might be infinity) of a finitely 

O 
O 



generated and residually nilpotent Lie algebra q as cc(g) = ^^>^(dim(C*g/C*+^0) — 1), where 
C*0 denotes the i-th ideal of the central descending series of g. Algebras of coclass 1 are also 
called algebras of maximal class. In finite dimensional case the notion of Lie algebra of maximal 
class is equivalent to the notion of filiform Lie algebra introduced by Vergne in ^1J. In the study 
of filiform Lie algebras the N-graded filiform Lie algebra xno{n) plays a special role. It is defined 
by its basis ei, . . . , e„ and its non-trivial commutator relations: [ei, Cj] = Cj+i, z = 2, . . . , n—1. 
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The natural infinite dimensional analog of mo(n) is a N-graded Lie algebra mo of maximal class. 
It follows from [2] (see also [10]) that up to an isomorphism there are only three N-graded Lie 
algebras of maximal class (or infinite dimensional filiform Lie algebras): 

ttio, 1T12, Li, 

where Li denotes the "positive" part of the Witt or Virasoro algebra and m2 is defined by its 
infinte basis Ci, 62, . . . , e„, . . . and the structure relations: 

[ei,ei] = ei+i,i = 2,..., [62, ej] =ej+2,j = 3,.... 

We recall that the scalar cohomology H*{Li) was calculated in [7j. The cohomology H*(m.o) 
and if* (11x2) were calculated in [3]. 

The next natural question is to calculate the cohomology of these algebras with coefficients 
in the adjoint representation, which is very important due to applications in the deformation 
theory. The adjoint cohomology H*{Li, Li) was calculated in [Ij. In the present article we 
explicitly compute the cohomology if* (mo, mo) and ii*(m2,m2). One has to remark that the 
first cohomology spaces H^{mo{n),xno{n)) and H^{m2{n),m2{n)) were computed in [HI [9] and 
this result implies the answer in the infinite dimensional case. The structure of ii^ (mo, mo) and 
H^{m2, m2) was rediscovered recently in [H [5]. Vergne's algorithm for constructing of a basis of 
H"^ {vn.o{n) , mQ{n)) can be easily generalized to the infinite dimensional case. 

The paper is organized as follows. In Sections 1-2 we review all necessary definitions and 
facts concerning Lie algebra cohomology and Lie algebras of maximal class. We recall a natural 
filtration of the adjoint complex C*{q,q) and the corresponding spectral sequence Er for an 
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arbitrary N-graded Lie algebra q. This spectral sequence was successfully used by Feigin and 
Fukhs [1] for the computation of H*{Li, Li). This spectral sequence is the main technical tool 
that we use for the computation of H*{mo,mo) and if *(m2, m2). The first term of this spectral 
sequence is isomorphic to the completed tensor product q H*{q), where H*{q) stands for the 
scalar cohomology of g. In some sense we show that the differentials of higher orders of our 
spectral sequence are "almost" trivial. 

In the sections 3,5 we recall the structure of the cohomology H*{vn.o) and H*{vn.2) with trivial 
coefficients obtained in [3]. 

In the sections 4,6 we apply the spectral sequence considered above to the computation of 
if *(mo, nxo) and ff *(m2, respectively. Namely we give the explicit answer in terms of formal 
series of the infinite basis of cocycles {\E'/,r} in the case of mo and for the algebra m2. 

1. Lie algebras of maximal class and filiform Lie algebras 
The sequence of ideals of a Lie algebra g 

C'g = g D C^g=[g,g] d ... d C%=[g,C'~'g] d ... 

is called the descending central sequence of g. 

A Lie algebra g is called nilpotent if there exists s such that: 

C'^'g=[g,C'g]=0, C'g j^O. 



The natural number s is called the nil-index of the nilpotent Lie algebra g. 
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Definition 1.1. A nilpotcnt n-dimensional Lie algebra g is called filiform Lie algebra if it has 
the nil-index s — n — 1. 

Example 1.2. The Lie algebra mo(n) is defined by its basis ei, 62, . . . , en with the commutating 
relations: 

[ei, Ci] = ej+i, V 2 < i < n-1. 
Proposition 1.3. Let Q be a filiform Lie algebra, one can remark that 

J^idMC'Q/C'^'Q) - 1) = 1, 
i>i 

where in the sum only the first summand is non trivial. 
Definition 1.4. A Lie algebra q is called resi dually nilpotent if 

nZiC'Q = 0. 

Definition 1.5. A coclass of Lie algebra g (which might be infinity) is a number cc(g) defined 
as cc{q) = ^.>^(dim(C*0/C*"'"^0) — 1). Algebras of coclass 1 are also called algebras of maximal 
class or infinite dimensional filiform Lie algebras. 

Example 1.6. Let us define the algebra L^ as the infinite-dimensional Lie algebra of polynomial 

vector fields on the real line with a zero in a; = of order not less then k + \. 
The algebra L^ can be defined by its infinite basis and commutating relations 

ei = ien, i>k, [ei, ej] = {j - i)ei+j, ^ i,j e N. 

Li is a residual nilpotent Lie algebra of maximal class generated by ei and 62- 
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We recall that Z-graded Lie algebra W, defined by the basis Cj, i G Z, and relations 



[ci.ej] = (j - i)ei+j 

is called the Witt algebra [6]. Hence, the algebra Li is the positive part W+ = ©i>o(W^)i of the 
Witt algebra. 

One can consider another examples of algebras of maximal class that are N-graded Lie alge- 
bras. 

Example 1.7. The Lie algebra rrio is defined by its infinite basis ei, 62, . . . , e„, . . . with com- 
mutator relations: 

[ei,ei] = Ci+i, > 2. 

Example 1.8. The Lie algebra m2 is defined by its infinite basis ei, 62, . . . , e„, . . . and commu- 
tator relations: 

[ei, Ci] = Ci+i, V i > 2; [eg, Cj] = ej+2, V j > 3. 

Theorem 1.9 ([2], [10]). Let q = be a N-graded Lie algebra of maximal class. Then q 

is isomorphic to one (and only one) Lie algebra from the three given ones: 



mo, m2, Li. 
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2. Lie algebra cohomology 

Let be a Lie algebra over K and p : g — > qI{V) its linear representation (or in other words 
y is a 0-module). We denote by C^(0, V) the space of ^-linear skew-symmetric mappings of g 
into V. Then one can consider an algebraic complex: 

V C\q,V) C\q,V) ... Ci{q,V) ... 

where the differential dq is defined by: 

9+1 

(d . . . , = ^(-i)^+V(^0(/(^i, ■ ■ ■ , ■ ■ ■ , ^9+i))+ 

(1) 

+ ^ (— 1)*"^^ ^ f{[Xi,Xj\,Xi, . . . ,Xi, . . . ,Xj, . . . ,Xqj^i). 

l<i<j<q+l 

The cohomology of the complex (C*(0, V), d) is called the cohomology of the Lie algebra g 
with coefficients in the representation p : g ^ V. 
In this article we will consider two main examples: 

1) V — K and p : g — > K is trivial; 

2) ^ = and p = ad : g ^ g is the adjoint representation of g. 

The cohomology of {C*{g,K),d) (the first example) is called the cohomology with trivial 
coefficients of the Lie algebra g and is denoted by H*{g). Also we fixe the notation H*{g, g) for 
the cohomology of g with coefficients in the adjoint representation. 

Let g = be a Z-graded Lie algebra and V = (BpVjS is a Z-graded g-module, i.e., 

QaV/s C Va+p. Then the complex {C*{g, V), d) can be equipped with the Z-grading C*(5, V) — 
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©/X where a V"- valued g-form c belongs to C'(^^)(0, V") iff for Xi e Qai, ■ ■ ■ , Xg e Qa^ 

we have 

c{Xi, . . . , Xq) e Vai+a2+...+aq+n- 

This grading is compatible with the differential d and hence we have Z-grading in cohomology: 

Remark. The trivial g- module K has only one non-trivial homogeneous component IK = Kq. 

Example 2.1. Let g be an infinite dimensional Lie algebra with the infinite basis ei, 62, . . . , e„, . . 

and commutating relations 

Let us consider the dual basis e^, e^, . . . , e", One can introduce a grading (that we will 

call the weight) of A*(0*) = C*{Q,Ky. 

00 

A*(0*)=0A(A)(0*), 

A=l 

where a subspace A^^-|(g*) is spanned by g'-forms {e'^A . . . Ae'«, ii+ . . . +iq=X}. For instance a 
monomial e*^ A • • • A e^" has the degree q and the weight A = . . . +iq. 
The complex {C*{Q,Q),d) is Z-graded: 

^*(fl,fl) = 0q;)(S'fl)' 

where C^^^id: S) is spanned by monomials {e; (8) A . . . Ae*'^, . . . +iq+ijL — I}. 
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Let g = (Ba>oQa be a N-graded Lie algebra. One can define a decreasing filtration of the 
adjoint cochain complex {C*{g,g),d) of g: 

where the subspace J^'^C^'^'^^q, q) is spanned by p+q-foims c in C^'*"''(g,g) such that 

+00 

c(Xi, . . . , Xp+g) e ^ Qa, VXi, . . . , Xp+g e g. 

The filtration JF is compatible with d. 

Let us consider the corresponding spectral sequence E^''^: 

Proposition 2.2. Ef''^ = g^ ® i/P+^(g). 

We have the following natural isomorphisms: 

C^+''(0,s)=S®A"+'(0*) 

(2) 

E^o' = J''C'^'{q,q)/J''+'Cp+'{q,q) = g, ® A^+'^(g*). 
Now the proof follows from the formula for the differential d^''^ : E^''^ —>■ Eq'^^''^: 

do{X ®f)=X^df, 

where X G g, / G AP+^(g*) and df is the standart differential of the cochain complex of g with 
trivial coefficients. 

Remark. The spectral sequence considered above was used by Feigin and Fukhs pLj in their 
computations of H*{Li, Li). 
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3. Scalar cohomology of mo 

The cohomology algebra if* (mo) was calculated in |3j. We will briefly recall some results 
from this article. 

It were introduced two operators: 

1) Di = ad*ei : A*(e2, 63, . . . ) ^ A*(e2, 63, • • • ), 

Di{e^) = 0, Di{e') = e'-\ Vi > 3, 

(3) 

D^{^ A r/) = Di(0 A + ^ A Di(r/), V^, V ^ A*(e2, 63, . . . ). 

2) and its right inverse : A*(e^, e^, . . . ) A*(e^, e^, . . . ), 

(4) = e'+\ D-i(eAe^) = 5^(-l)'Dl(0Ae^+^+^ 

l>0 



where i >2 and ^ is an arbitrary form in A*(e^, . . . , e* ^). The sum in the deflnition (jlj) of D_i 
is always finite because D[ decreases the second grading by /. For instance, 



j-2 



D_i(e' A e^) = 5^(-l)V-'Ae^+'+^ 
Proposition 3.1. The operators Di and D_i have the following properties: 

Theorem 3.2 ([3J). The infinite dimensional bigraded cohomology H*{mQ) = (Bk,qHl{mQ) is 
spanned by the cohomology classes of , and of the following homogeneous cocycles: 



(5) ui = cu(e^) = uj{e''A. . . Ae*^Ae*«+^) = ^(-l)'Dl(e*i A ■ ■ • A e'") A e 



iq + l + l 



/>0 
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where g > 1, / = 
defined by 
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(ii, . . . , -iq, + 1), 2 < ii<i2<. . .<iq. The multiplicative structure is 



(6) [e>cj(eAe*Ae*+i) = 0, [e>c^(^Ae^Ae^+^) = Lj{e^A^Ae'Ae'+^), 

j-i-2 

ij{^Ae'Ae'^')ALo{r]Ae^Ae^+') = ^ (-l)'cj(Di(eAe')Ae'+^+'Ar/AeMe^'+^) + 

1=0 

+ (-1)*^^+'^^^?'' J]^((arf*ei)^-^-i+"(eAeOADJ(r/Ae^)Ae^+^Ae^+^+^), 

S>1 

where i < j , C, and 7] are arbitrary homogeneous forms in A*(e^, . . . , e*~^) and A*(e^, . . . , e^~^), 
respectively. 

Formula ([5]) determines a homogeneous closed (g+l)-form of the second grading ii+. . .+ig_i+2i, 
It has only one monomial in its decomposition of the form ^Ae*Ae*"^^ and it is e*^ A . . . Ae*' Ae*'"'"^. 
The whole number of linearly indepenedent g-cocycles of the second grading is equal 

to 

where Pq{k) denotes the number of (unordered) partitions of a positive integer k into q parts. 
Example 3.3. 

^(5,6,7) = a;(e^Ae^Ae^) = e^Ae^Ae^ - e'^Ae^Ae*^ + (e^Ae^ + e^Ae^)Ae^- 

- {e'^Ae^ + 2e^Ae^)Ae^° + (Se^Ae^ + 2e^Ae^)Ae^^ - Se^Ae^Ae^^ ^ ^e^^e^^e^^ 
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Proposition 3.4. It follows from ^ that 

u{e^ A A ■ ■ • A A e*+^) AuJi = uj{e^ A A ■ ■ • A A e*+^ A e^). 

4. The spectral sequence and iJ*(mo,mo) 
In this section we compute if*(mo,mo). 

Theorem 4.1. T/ie higraded cohomology iJ*(mo,mo) = ©p,fc-ff^(mo, mo) is an infinite dimen- 
sional linear space of formal series Ylj s'^J,^'^ J,s of the following infinite system of ho- 
mogeneous cocycles: 

oo oo 

= ei ® + ^(j-2)ej- ® ^'1,2 = 62 ® e\ ^2,/+2 = Yl ® ^ > 0, / ^ 1, 

i=3 i=2 

00 

(7) -qjj^ = ^ e^+j (g) Dl^uJi, r>2, I={ii, . . . ,ig,iq + 1), g>l, 

j=0 

2 < ii<. . .<iq, ir-2 >r — 1, if 3<r<g + l,r = g + 3. 
where uj stands for a basic scalar cocycle defined by ^ and D^i is the operator defined by 0). 
The homogeneous cocycles ^ j^s have the following gradings: 

^1,1,^2,2 G i^o(mo,mo), ^2,1 e i^i(mo,mo), ^2,^+2 e if/(mo,mo), 

(8) 

e if^+^(mo,mo), . . . + 1), k = r- {ii+i2+ . . . +iq-i+2ig+l) . 

The cocycle "^j r with I={ii, 12, ■ ■ ■ , iq, iq + 1) is uniquely determined by the following condition: 

^/,r (Cii, 6,2, . . . , Ci^, e^^+i) = Cr, 2 < ii<. . .<iq, 

(9) 

^i,r (cji, ej2, . . . , e^,, Cj^+i) =0, 2 < ji<. . .<jq, (ji, . . . , jg, jg + 1) 7^ /• 
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Proof. We consider the spectral sequence E^''^ from the Proposition I2.2[ Namely it follows that 

Ef'^ = (nTo),®iJP+'^(mo). 
Proposition 4.2. 1) The first differential di : E'f^ —>■ Ef"'^^^ is non trivial only in the cases: 

di{eq) = -Cg+i (g) e\ q> 2. 
2) For the second differential d2 : -E'f''' i?^"^'''^^ '^^ have the following property: 
<^2(ei) = 63 ® e^, d2{ei cu) = 63 e^Aw, ^2(6^ tu) = 0, g > 2. 
Proof. First of all by the definiton of d : C°(0,0)=0 ^ (^^(fl, 0)=0®g* we have 

dX{Y) = [X,Y], X,Yes. 

Hence for an arbitrary closed u we have 

00 

dci = ^ Cj+i e-^ , dcj = —Cj+i ® e\ j > 1; 

(10) 

(i(ei cu) = 63 ® e^Acu + . . . , (i(eq u;) = e^+i (g) e"^ A cj, g > 1. 

We recall that the product A is always trivial in cohomology if*(mo, mo) and we can 
shift our form Cg ® u hj e^+i ® D^iu and see that 

d{eq 0u + Cq+i ® -D-iCj) = — eq+2 ® A D^iu + . . . 

We put everywhere dots instead of terms of higher filtration. □ 
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It follows from the Proposition 13.41 that the class A a; is trivial if and only if ui 
for some a). We came to the following corollary: 



13 

= A a;, 



Corollary 4.3. The following classes in Ei survive to E^: 



ei (g) e\ ei e^AciJ, 62® e 



e\q>2 



(11) 



Cr ®uJi, r> 2, (r, I) ^ (3, (2, is, • • • 



,iq,iq + 1)). 



Proposition 4.4. The differential dg, s > 3, can be non trivial only in the following case: 

ds{ei (g) A A ■ ■ ■ A e'"^ Au) = (-l)''e^+i (g) A A ■ ■ ■ A e'~'^ Ac" Auj. 

Proof. A cocycle "^j r f|T7|) represents ® toj and obviously dgi^^i^r) = 0, s > 2. Class Ci ® u 
survives to Eoo if and only if u is divisible by A e'^ A ■ ■ • A for arbitrary s > 2. Hence no 
one class of the form ci ® u can survive to E^o- 

From the another hand we have to take the quotient of Eg over the subspace of classes of 
the form e^+i (g A A ■ ■ ■ A e* A u), s > 2. It means that we have to remove from our final 
list the cocycles with / such as ii = 2, . . . ,is-i = s if s — 1 < g as well as the cocycles 



^(2,3,...,s),s+l- 



□ 



Now we leave to the reader to prove the property Q of the basic cocycles "^i^r- 



□ 



Remark. It follows from the theorem 16.11 that zero-cohomology of mo is trivial: 

i/°(mo, mo) = 0. 
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One-dimensional cohomology if^(mo,mo) is infinite dimensional, but its homogeneous com- 
ponents are finite dimensional ones: 

Hl{mo,mo) = 0,/c < -1, ifo'("^o,mo) = (^1,1,^2,2), 

(12) 

Hl{mo,mo) = (^1,2), Hl{mo,mo) = (^2,fc+2), k>2. 

The structure of H^{mo, mo) was the subject in but it was found earlier in [8l[9] (for instance 
our cocycles \E'i,i, \E'2,2 coinside with uji,uj2 in ^ and they are also equal to di and d2 — 2di in 
[U [9]). Let us recall that an arbitrary positively graded Lie algebra g = (BiQi has a derivation 
r defined by means of its graded structure 

t{x) = ix, xe s.. 

In our case r = \E'i 1 + 2\E'2,2- Another obvious fact is that the one-dimensional cohomology 
H^{q,q) endowed with the Nijehhuis-Richardson bracket is isomorphic to the algebra of outer 
derivations of g. 

Example 4.5. We have defined the two-dimensional cocycle ^Pj^j+i^r by f|T8|) as 

00 
1=0 

An elementary exercise on the properties of the operator D_i will be to verify that 

s=0 \ ^ / 
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Hence we have the following formula 

oo i-2 // _|_ \ 

(13) ^,,+1,, = J2 E(-l)' ( , j 'r^^ ® ^ 



1=0 s=0 



It means that 

._ 1 em+k~2i^i, 2 < k <i < m. 

Hence the cocycles \&j,j+i,r coinside with the basic cocycles "^i r considered by Khakimdjanov 
in [9] where he used Vergne's general algorithm [TT] . 

It is evident that a homogeneous subspace if^(mo,mo) is infinite dimensional as it was re- 
marked in [1]. 

Example 4.6. The infinite dimensional H^{mo, mo) is the space of formal series of basic cocycles 

'^{j,i,i+i),r = er® cj(eMe*Ae*+^) + Cr+i D_iu;(eMe*Ae*+^) + . . . , r > 2, 2 < j < i, 

where the cocycles |\E'(2,i,i+i),3, i > 2j, and \&(2,3,4),5 have been removed from the list of basic 
cocycles according to the rule from ([1] 



5. The scalar cohomology H*{m2) 
The operator D2 = ad*e2 : A*(b) ^ A*(b) inducing V2 : H*{b) H*{b) can be defined by 

D2{e^) = D2{e^) = 0, D2{e^) = e\ D2{e') = e'-^ z > 5, 

(14) 

D2{C AV) = D2{0 A r/ + e A D2(^), Ve, 7] e A*(b). 
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It is immediate that 
(15) 

V2Me^Ae^)) = 0, V2Me''Ae''+')) = -2a;b(e'=-^Ae'=), k > A. 
Proposition 5.1. Let 3 < ii < ■ ■ ■ < < i and ^ — e'^A . . . Ae*''-% then 

Theorem 5.2. The bigraded cohomology algebra H*{m2) = (Bq^kHl{ra2) is spanned by coho- 
mology classes of the following homogeneous cocycles: 

(16) A e^ A - A e^ 

^n,...,i,..+i..+2 = E ((i?2+i^D'(e^^A. . .Ae^^)Ae^^+^+'Ae^^+2+^) , 
i>i 

where 1 < q, 3 < ii < i2 < ■ • ■ < iq, in particular for q >3, 

dunHl^^_^{ra2) = Pq{k) - Pq{k-l) - P,(/c-2) + P,(/c-3). 

Example 5.3. 

^"5,6,7 = c^(e^Ae^Ae^) +u;(e^Ae^Ae^) = e^Ae^Ae^ + (e^Ae^-e^Ae^)Ae^+ 

+(e^Ae5-e2Ae^)Ae'' + (e2Ae6-e=^Ae^)Aei° + e^^Ae^Ae^^ - e^Ae^Ae^^ + e^Ae^Ae^^ 

1) The space i7^(m2) is two-dimensional and it is spanned by the cohomology classes repre- 
sented by cocycles A and A — A of second gradings 5 and 7 respectively; 
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2) H^{ra2) is infinite dimensional and it is spanned by 
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1>Q 



6. Adjoint cohomology i7*(m2,m2) 

Theorem 6.1. The bigraded cohomology i7*(m2,m.2) = ©p,fc-f^fc(Tn2, is an infinite dimen- 
sional linear space of formal series s^J,s^J,s of the following infinite system {$j,s} of ho- 
mogeneous cocycles: 

(17) 

oo oo oo 

$1,1 = ^jej ® e^, ^2,1+2 = ^ ei+j ® e\ Z > 3, $2,3,m = ^ e^+j- (g) A e^+^ m = 3, m > 7, 
$2 3 1 = ei e^Ae^ + i 65+, ® (e^Ae^+^-(j + l)e^Ae^+H ^^"+^y+^^ e^Ae^+A , 
$2,3,2 = e2+, ® e^Ae^^^ + ^ e,^, ® (e^Ae^+^-(j+l)e^Ae^+^+ ^^'+^y+^^ e^Ae^+^) , 

i=0 j=0 ^ ^ 

00 

*3,4,i = ^'+^ ® ^ - + 1)^' ^ ^'""0 ' ^ ^ 3, 

i=0 

00 

$7,r = XI ^'■+-? -^=(^1, ■ ■ • , + 1, + 2), g>l, 3 < ii<. . .<iq, 

if r = 4, g > 2, then ii > 3, 
if 5<r<g + 3, r = g + 6, then ij._4 > r — 1, or ^^-4 = r — 1, ii > 3, 

if r — q-\-b, then v_3 > r — 1. 
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with wj stands for a basic scalar cocycle defined by fT^) . D-'^^wj defined by induction by 
dbtiWi = A b^SiWi + A D^SiWj and dD_iWj = A wj. 
The homogeneous cocycles have the following gradings: 

$1,1 e H^{m2,m2), $2,/+2 G i//(m2,m2),$2,3,z e Hf_^{m2,m2), ^3,4,1 e i/f_7(m2, 11X2), 

(18) 

G i/^+^(mo, mo), /=(ii, . . . , ig, + 1, ig + 2), k = r- (21+^2+ • • • +Vi+3zg+3) . 

The cocycle wi/i /=(zi,Z2, • • • , ^g, "^g + 1, "^g + 2) is uniquely determined by the following 
condition: 

^I,r (Cji, 642, • • • , Cj^, Gig+l, &iq+2) = ^ry 2 < 'ii<. . .<'ig, 

(19) 

$/,r (eji, ej2, . . . , ej^, e^^+i, =0, 2 < ji<. . .<jg, (ji, . . .Jqjg + IJg + 2) ^ I. 

Proof. We consider the spectral sequence considered above. It follows from the Proposition 12.21 
that 

Ef''^ = {m2)g®HP+'^{m2). 
Proposition 6.2. 1) The first differential di : Ef''^ —>■ Ef''^'^^ is non trivial only in the cases: 

di{eg) = -Cg+i (g) e\ q> 2. 
2) The second differential d2 : E^"'^ —>■ E'f"^'^^^ has the only one non trivial value: 

c?2(ei) = 63 e^. 
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Proof. We start with 
(20) 

oo oo 

dei = ^ Cj+i ® e^, de2 = —63 ® + ^ 6^+2 ® e-'', rfcj = — Cj+i ® — 6^+2 ® e^, j > 3; 

j=2 J=2 

(i(ei ® Li^) = 63 e^Acu + . . . , d{eq to) = e^+i e"^ A + . . . 

We recall that the products Au and e"^ Au and are always trivial in cohomology H*{m2) 
for an arbitrary closed form uj. Also one can remark that a form A.^i + A ^2 is closed if and 
anly if it is exact. Hence we can shift our form Cg® u hj e^+i ® D^iu, where dD_iU! = Au 
and see that 

d{eq ® a; + e^+i (g) D-iUj) = -6^+2 ® (^e^ A D_iuj + e'^ Au?j + . . . 

We put everywhere dots instead of terms of higher filtration. □ 

It follows from the Proposition 13.41 that the class A is trivial if and only if = A cu, 
for some u. We came to the following corollary: 

Corollary 6.3. The following classes in Ei survive to E^: 

ei^e^, 62 ® e\ ci ® e^, 62 ® e^, ® e^, g > 4, 

(21) 

e; (g) A e^, ci ® (e^ A - A e^) , / > 1, Cr ® wj, r > 1. 
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Proposition 6.4. The differentials (is, 3 < s < 4 are non trivial in the following cases: 



(22) ^3(61 (g) e^) = -64 (g) A e^ ^(ei ® Wii,i2,i3,...,i,+2) = 64 O W3,n,i2,i3,...,i,+2> 

c^3(e2 ® e^) = -65 (g) A e^, ^(ea (g Wii,i2,i3,...,ig+2) = 65 (g W3,n,i2,i3,...,i<,+2, ^1 > 3, 

ci4(e2 (g e^) = 2e6 (g A e^, ^4(62 (g W3,j2,i3,...,i,+2) = -ee (g ti'3,4,i2,i3,...,i9+25 ^^2 > 4. 

Proof. We will prove some of the formulas fl22l) . the rest of them can be obtained analogously 
(23) 

(i(ei(ge^) = e4(ge^ Ae^ + . . . , rf(e2(g 6^ + 63® 6^ + 64 06"^) = 65® (-2e^ A - A e"^) + . . . , 

rf(e2 (g + 65 ® e^) = -2e6 ® A + . . . , 

d(ei(gti?ii„..,i^+2 + 63 (g = 64 ® (e^Awii,...,i^+2 - H = 

= 64 ® (e^Awii,...,i,+2 + e^ADaD-iC - + • • • , c?^ = ^Wi^,...,i^+2■ 

It is easy to see that in the decomposition e^Awj^,...,j^+2 + e^AD2-D-iC we have the only one 
monomial e^Ae*^ A . . . Ae*''Ae*''"'"^Ae*''"'"^ with neighboring three last superscripts and it follows 
that the expression is cohomologous to W3,ji,...,jg+2 if «i > 3 and it is cohomologous to zero if 
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Proposition 6.5. The differential is non trivial in the following cases: 
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(24) (ei (e^ A - A e^)) = eg ® ^3,4,5, ^5 (e2 ® (e^ A - A e^)) = 67 ® tf;3,4,5, 

4 (ei ® W3,i2,i3,...,i,+2) = -ee ® w^3,5,i2,i3,...,i9+2, ^2 > 5, 

4 (e2 ® W3,4,j3,...,i9+2) = 67 W3,4,5,i3,...,i^+2,»i3 > 5. 

Proof. Again we will not prove all the formulas (IMl) . leaving the rest of them to the reader. For 
instance 

(25) d{ei®{e^Ae^ - e^Ae^) + ^e3®(e^Ae^-e^Ae^+e^Ae^) + ^e4®(e^Ae^-2e^Ae^+3e^Ae^) + 

+ ^e5(g)(e^Ae^-2e^Ae®+5e^Ae^)) = e6®(e^Ae^Ae^-^e^A(e'^Ae^-2e^Ae^)-^e2Ae^Ae^-rf^)+. . . , 
^ = l(e^Ae'^ - e^Ae^ - e^Ae^ + 6e^Ae^°), ^3,4,5 = e^Ae^Ae^ - e^Ae^Ae^ + e^Ae^Ae'^. 
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Proposition 6.6. The differential ds, s > 6 can be non trivial only at the classes of the form 
ei (8) wj or 62 <S> wj and only in the following cases: 

(26) J = (ji, . . .,jq,jq + l,jq + 2) , ji = 3,^2 = 4, . . . , j,_3 = S - 1, Q > S - 3, jq > S] 

I ^{ii,...,iq,iq + l,iq + 2), = 3, is^4 = s - 1, q > s - A, iq > s; 
I ^{ii,...,iq,iq + l,iq + 2), ii = 3, is^4 = s - 2, q > s - 3, iq > s; 
7 = J=(3,4,5,...,s-1). 



Proof. We will sketch the proof of this proposition in the spirit of previous two proposi- 
tions. The idea is the same: one has to keep an eye only on the monomials of the form 

e'^A . . . Ae*« Ae*'2"'"^Ae*«"'"^ in the decomposition of scalar cocycles. □ 

Now a few words about forms D-'_^w. We give no explicit expressions for them like in the 
case of mo- However it is possible to write them out. For instance one can define D_iWi^^,,,^i^j^2 
in a following way: 

D-iWi,,...,,^2 = i^-i«;n,...,^,+2 - ^^^^ ((^1 + D2YD^{e^^^ . . . ^e^^)^e^^+'+^ ^e^^+^+^) . 
Now the next step is to define a form D^^w such that 



(27) 



dD\w = A D_iw + Aw. 
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On the right hand side we have a closed form and it has the form A ^ + A ?]. Hence it is 
the exact form and we will denote by D'^^w an arbitrary form satisfying (127|) . 

Now we come to the inductive procedure. Let us assume that we have found forms D-^SiW 
and D^S^w such that 

db^^^w = A btiw + A D^iW, dbti^w = A bifw + A Dti'^w. 

Then it is easy to see that the form A b^_^^w + A ID^J^w is closed and hence it is exact. 
We can define D-'_^w such that 

dbi^w = A jj^^w + A D^^w. 

Now it is evident that the element 

+00 

$J,r = ^dr+j ® b^lWj, J = (ji, . . . , jq, jg + 1, jg + 2), 
3=0 

is closed element in C"^"*"^(mo, mo) and represents the class ® wj in Ei term. □ 
Example 6.7. The infinite basis of i?^(m2, 11x2) consists of the following cocycles: 

(28) $2,3,™ = *2,3,m, m = 3,m > 7, $3,4,^ = ^^3,4,^ I > 3, 

$2,3,1 = ei ® e^Ae'' + -^4,5,5, $2,3,2 = ^2,3,2 + -^4,5,6- 

It was established by Vergne that an arbitrary two-dimensional adjoint cocycle of m2 vanishing 
at ei is determined by its values on pairs 62,63 and 63,64 respectively [llj. But we see that 
some of them, namely ^^2,3,™, m = 4,5, 6, are coboundaries. 
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Example 6.8. The infinite dimensional H^{mo, mo) is the space of formal series of basic cocycles 

$(j,j+l,i+2),r = (g) Wi,i+i,i+2 + Cr+l ® -D-1 W^j,j+l,i+2 + • • • , T > 3, 3 < 1, 

where we have removed the cocycles $(3,4,5), e and $(3,4,5), 7 from the list. 

Corollary 6.9. 1) /7°(m2,m2) = 0. 

2) if^(m2,m2) is infinite dimensional and 



dimi7g^(m2,m2) 



0, g < — 1 or q = 1, 

1, q > 2 or q = 0. 



3) //^(m2, 1x12) is infinite dimensional and 



dimifq(m2, m2) = < 



0, q < -5, 
1, g = -1,0,1, 
2, g > 2 or q = -4,-3,-2. 



Remark. One-dimensional cohomology i/^(m2,m2) was also found in [TT],[8],[9] and rediscovered 
later in [5J. The property of m2 that if^ (m2, m2) = 0, g < — 5 was established in [4]. We corrected 
in the present article the values of dimensions dim if^(m2, 11x2) from [5] for q = —1,0,1: they 
are all equal to one. 
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